Abstract. A chordless cycle (induced cycle) C of a graph is a cycle without any chord, meaning that there is no edge outside the cycle connecting two vertices of the cycle. A chordless path is defined similarly. In this paper, we consider the problems of enumerating chordless cycles/paths of a given graph G = (V, E), and propose algorithms taking O(|E|) time for each chordless cycle/path. In the existing studies, the problems had not been deeply studied in the theoretical computer science area, and no output polynomial time algorithm has been proposed. Our experiments showed that the computation time of our algorithms is constant per chordless cycle/path for non-dense random graphs and real-world graphs. They also show that the number of chordless cycles is much smaller than the number of cycles. We applied the algorithm to prediction of NMR (Nuclear Magnetic Resonance) spectra, and increased the accuracy of the prediction.
Introduction
Enumeration is a fundamental problem in computer science, and many algorithms have been proposed for many problems, such as cycles, paths, trees and cliques [5, 8, 10, 12, 13, 17] . However, their application to real world problems has not been researched very much, due to the handling needed for the huge amount of and the high computational cost. However, this situation is now changing, thanks to the rapid increase in computational power, and the emergence of data centric science. For example, the enumeration of all substructures frequently appearing in a database, i.e., frequent pattern mining, has been intensively studied. This method is adopted for capturing the properties of databases, or for discovering new interesting knowledge in databases. Enumeration is necessary for such tasks because the objectives cannot be expressed well in mathematical terms. The use of good models helps reduce the amount of output, and the use of efficient algorithms enables huge databases to be more easily handled [9, 1, 11] . More specifically, introducing a threshold value for the frequency, which enables controlling the number of solutions. In such areas, minimal/maximal solutions are also enumerated to reduce the number of solutions. For example, enumerating all cliques is usually not practical while enumerating all maximal cliques, i.e. cliques included in no other cliques, is often practical [13, 10] . In real-world sparse graphs, the number of maximal cliques is not exponential, so, even in large-scale graphs, the maximal cliques can often be enumerated in a practically short time by a stand alone PC even for graphs with millions of vertices. However, the enumeration of maximum cliques, that have the maximum number of vertices among all cliques, is often not acceptable in practice, since the purpose of enumeration is to find all locally dense structures, and finding only maximum cliques will lose relatively small dense structures, thus it does not cover whole the data.
Paths and cycles are two of the most fundamental graph structures. They appear in many problems in computer science and are used for solving problems, such as optimizations (e.g. flow problems) and information retrieval (e.g. connectivity and movement of objects). Paths and cycles themselves are also used to model other objects. For example, in chemistry, the size and the fusing pattern of cycles in chemical graphs, representing chemical compounds, are considered to be essential structural attributes affecting on several important properties of chemical compounds, such as spectroscopic output, physical property, chemical reactivity, and biological activity.
For a path/cycle P , an edge connecting two vertices of P but not included in P is called a chord. A path/cycle without a chord is called a chordless path/cycle. Since a chordless cycle includes no other cycle as a vertex set, it is considered minimal. Thus, chordless cycles can be used to represent cyclic structures. For instance, the size and fusing pattern of chordless cycles in chemical graphs as well as other properties of chemical structures are taken into account when selecting data for prediction of nuclear magnetic resonance (NMR) chemical shift values [14] . Most chemical compounds contain cycles. In chemistry, the term 'ring' is used instead of 'cycle', for example a cycle consisting of 5 vertices is called 5-membered ring. Since the character of ring structures of chemical compounds is assumed to be important to study the nature of the structure-property relationships, the ring perception is one of classical questions [2, 3, 4, 7] in the context of chemical informatics, so called chemoinformatics. Several kinds of ring structures, such as all rings and the smallest set of smallest ring (SSSR) are usually included in a basic dataset of chemical information. NMR chemical shift prediction is a successful case where the information about chordless cycles is employed to improve the accuracy of the prediction. The path/cycle enumeration is supposed to be useful also for analysis of network systems such as Web and social networks.
In this paper, we consider the problem of enumerating all chordless paths (resp., cycles) of the given graph. While optimization problems for paths and cycles have been studied well, their enumeration problems have not. This is because there are huge numbers of paths and cycles even in small graphs. However, we can reduce the numbers so that the problem becomes tractable by introducing the concept of chordless. The first path/cycle enumeration algorithm was proposed by Read and Tarjan in 1975[12] . Their algorithm takes as input a graph G = (V, E) and enumerates all cycles, or all paths connecting given vertices s and t, in O(|V | + |E|) time for each. The total computation time is O((|V | + |E|)N ) where N is the number of output cycles/paths. Ferreira et al. [6] recently pro- The chordless version was considered by Wild [19] . An algorithm based on the principle of exclusion is proposed, but the computational efficiency was not considered deeply. In this paper, we propose algorithms for enumerating chordless cycles and chordless paths connecting two vertices s and t (reported in 2003 [18] ). Note that chordless cycles can be enumerated by chordless path enumeration. The running time of the algorithm is O(|V |+ |E|) for each, the same as the Read and Tarjan algorithm.
We experimentally evaluated the practical performance of the algorithms for random graphs and real-world graphs. The results showed that its practical computation time is much smaller than O(|V |+|E|), meaning that the algorithms can be used for large-scale graphs with non-huge amount of solutions. The results also showed that the number of chordless cycles is drastically small compared to the number of usual cycles.
Preliminaries
A graph is a combination of a vertex set and an edge set such that each edge is a pair of vertices. A graph G with vertex set V and edge set E is denoted by G = (V, E). An edge e of pair v and u is denoted by {u, v}. We say that the edge connects u and v, e is incident to u and v, and v and u are adjacent to each other, and call u and v end vertices of e. An edge with end vertices that are the same vertex is called a self-loop. Two edges having the same end vertices u and v are called multi-edges. We deal only with graphs with neither a self-loop nor a multi-edge. This restriction does not lose the generality of the problem formulation.
A path is a graph of vertices and edges composing a sequence
The v 1 and v k are called the end vertices of the path. If the end vertices of P are s and t, the path is called an s-t path. When v 1 = v k holds, a path is called a cycle. Here we represent paths and cycles by vertex sequences, such as (v 1 , . . . , v k ). An edge connecting two vertices of a path/cycle P and not included in P is called a chord of P . A path/cycle P such that the graph includes no chord of P is called chordless. Figure 1 shows examples. In a set system composed of the vertex sets of cycles (resp., s-t paths), the vertex set of a chordless cycle (resp., s-t path) is a minimal element.
For a graph G and a vertex subset S of G, G \ S denotes the graph obtained from G by removing all vertices of S and all edges incident to some vertices in S. For a vertex v, N (v) denotes the neighbor of v, that is, the set of vertices adjacent to v. For a vertex set S and a vertex v, S \ v and S ∪ v denote S \ {v} and S ∪ {v}, respectively. For a path P and its end vertex v, P \ v denotes the path obtained by removing v from P .
Property 1. There is a chordless s-t path if and only if there is an s-t path.
Proof. A chordless s-t path is an s-t path, thus only if part is true. If an s-t path exists, a shortest path from s to t is a chordless s-t path, and thus it always exists. ⊓ ⊔
Property 2. A vertex v is included in a cycle if and only if v is included in a chordless cycle.
Proof. If v is not included in any cycle, it obviously is not included in any chordless cycle. Hence, we investigate the case in which v is included in a cycle C. If C is chordless, we are done. If C has a chord, the addition of the chord splits C into two smaller cycles, and v is always included in one of them. We then consider the cycle as C. The cycle with three vertices can not have a chord, thus we always meet a chordless cycle including v. ⊓ ⊔ For a recursive algorithm, an iteration means the computation from the beginning of a recursive call to its end, excluding any computation done in recursive calls generated in the iteration. If an iteration I recursively calls an iteration I ′ , I
′ is called a child of I, and I is called the parent of I ′ .
Algorithm for Chordless s-t Path Enumeration
Our enumeration problem is formulated as follows.
Chordless s-t path enumeration problem For a given graph G = (V, E) and two vertices s and t, enumerate all chordless s-t paths included in G.
We first observe that chordless cycle enumeration is done with chordless s-t path enumeration by repeating steps; (1) for a vertex s, enumerate chordless s-t paths in G \ {s, t} for each vertex t adjacent to s, and (2) remove s from the graph. Here G \ {s, t} is the graph obtained from G by removing the edge {s, t}. This implies that we only have to consider chordless s-t path enumeration. Lemma 1. For a vertex v ∈ N (s), P is a chordless s-t path including v if and only if P \ s is a chordless v-t path of the graph G \ (N (s) \ v). Proof. If P \ s is a chordless v-t path in G \ (N (s) \ v), P is an s-t path all whose chords are incident to s. Since P has no vertex in N (s) \ v, no vertex of P other than v is adjacent to s. Thus, P has no chord incident to s, and is chordless.
If P is a chordless s-t path including v, no vertex u ∈ N (s) \ v is included in P , since the edge {s, u} would be a chord if was included. Thus, P \ s is a chordless v-t path in G \ (N (s) \ v).
⊓ ⊔ Lemma 2. The set of chordless s-t paths of G is partitioned into disjoint sets of chordless s-t paths in the graphs G \ (N (s) \ v) for each v.
Proof. Suppose that P is a chordless s-t path in G. Then, from lemma 1, P includes exactly one vertex among N (s). If P includes v ∈ N (s), P \ s is a chordless v-t path in G\(N (s)\v), thus P is a chordless s-t path in G\(N (s)\v). Since P is not an s-t path in G \ (N (s) \ u) for any u ∈ N (s) \ v, the statement holds. ⊓ ⊔ From the lemma, we obtain the following algorithm. The Q is the sequence of vertices attached to the paths in the ancestor iterations, and set to be empty at the start of the algorithm.
Enum Chordless Path
When a recursive call is generated in an iteration of the algorithm, G\(N (s)\ v) is generated from G by removing vertices and edges. The removed vertices and edges are kept in memory so that G can be reconstructed from the graph. A removed edge or vertex is not removed again in the descendants of the iteration. Thus, the accumulated memory usage for these removed vertices and edges is O(|V | + |E|), and the space complexity of the algorithm is O(|V | + |E|).
In step 2, all vertices v ∈ N (s) such that a v-t path exists in G \ (N (s) \ v) must be listed. If and only if the condition in step 2 holds, there is a vertex u ∈ N (v) such that a u-t path exists in (G \ N (s) Let us consider the recursion tree of the algorithm which is a tree representing the recursive structure of the algorithm. The vertex of the recursion tree corresponds to an iteration, and each iteration and its parent are connected by an edge. The leaves correspond to the iterations generating no recursive calls, and the algorithm outputs a solution on each leaf. Because of the condition given placed on vertices in step 2, there is always at least one s-t path in the given graph. This implies that at least one recursive call occurs when step 2 is executed. Hence, the algorithm outputs a solution at every leaf of the recursion tree. The depth of the recursion tree is O(|V |) since at least one vertex is removed from the graph to generate a recursive call. We can conclude from these observations that the time complexity of the algorithm is O(N |V |(|V | + |E|)) where N is the number of chordless s-t paths in G. Next, we discuss the reduction of the time complexity to O(N (|V | + |E|)).
We first rewrite the above algorithm as follows. We denote the vertex next to v in path P by nxt(v). Note that although we introduce several variables, the algorithms are equivalent.
Enum Chordless Path2 (G = (V, E), s, t, Q) 1. if s is adjacent to t then output Q ∪ t ; return 2. P := a chordless s-t path in
We further rewrite the algorithm as follows. We compute the chordless st path P computed in step 2 of the above algorithm, before the start of the iteration, i.e., in its parent, and give it as a parameter to the recursive call.
P := a chordless v-t path in G \ (N (s) \ v) (found by a breadth first search) 6.
call Enum Chordless Path3 (G \ (N (s) \ v), v, t, Q ∪ v, P ) 7. end if 8. end for Figure 2 illustrates an example of the recursive structure of this algorithm. The tail of an arrow is a parent and the head is its child. We call the child generated in step 2 first child, and the arrow pointing at the first child is drawn with a bold line. We can make a path by following the bold-arrows, and we call a maximal such path a straight path. Since the bottom of a straight path is a leaf, the number of straight paths is bounded by the number of chordless paths. Since the head of a non-bold arrow always points an end of a straight path, the number of non-bold arrows, that correspond to the recursive calls done in step 6, is bounded by the number of straight paths.
From these observations, we infer the following points regarding time complexity. We see from the above that the bottle neck in terms of time complexity is step 4. The other parts of the algorithm takes O(|V | + |E|) time per chordless s-t path. We speed up step 4 by using the following property.
Property 3. G \ {v} includes a v-t path for v ∈ N (s) if and only if there is a vertex
In each iteration we put mark on vertices u such that there is a u-t path in G \ N (s).
Step 4 is then done in O(|N (v)|) time by looking at the marks on the vertices in N (v). The marks can be put in short time, by updating the marks put in the first child. The condition of step 4 is checked by finding all vertices in G \ N (s) from which going to t is possible. This also takes O(|V | + |E|) time, but the time is reduced by re-using the results of the computation done for the first child. In the first child, marks are put according to the reachability to t in G \ (N (s) ∪ N (nxt(s)) ). To put marks for G \ N (s), we find all vertices u such that any u-t path in G \ N (s) includes a vertex of N (nxt(s)) \ N (s). This is done by using a graph search starting from the vertices of N (nxt(s)) \ N (s) that are adjacent to a marked vertex, and visiting only unmarked vertices. The time taken is linear in the number of edges adjacent to newly marked vertices.
Consider the computation time with respect to step 4, for the iterations in a straight path. In these operations, a vertex (resp., an edge) gets a mark at most once, i.e., it never gets a mark twice. Thus, the total computation time for this computation is linear in the sum of the degrees of marked vertices and vertices in N (nxt(s)), and is bounded by O(|V | + |E|). The computation time for step 4 is thus reduced to O(|V | + |E|) per chordless s-t path. When a recursive call for a non-first child is made, all marks are deleted. We then perform a graph search starting from t to put the marks. Both steps take O(|V | + |E|) time. Since this computation is done only when generating non-first child, the total number of occurrences of this computation is bounded by the number of maximal paths, i.e., the number of chordless paths. Thus, this computation takes O(|V | + |E|) time for each chordless path. The algorithm is written as follows.
Enum Chordless Path4 (G = (V, E), s, t, Q, P ) 1. if s is adjacent to t then output Q ∪ t; go to 11 2. call Enum Chordless Path4
delete marks from all vertices in G 6.
recover the marks deleted in step 5, by graph search starting from t on G \ N (s) 9. end if 10. end for 
Computational Experiments
The practical efficiency of the proposed algorithms is evaluated by computational experiments. The results were compared with those of the cycle enumeration algorithm proposed in [12] . The difference between the number of cycles and of chordless cycles was also compared. The program was coded in C, and compiled using gcc. The experiments were done on a PC with a Core i7 3GHz CPU. The Table 1 . Computational time (in seconds) for randomly generated graphs code is available at the author's web site (http://research.nii.ac.jp/ũno/codes.html).
We did not use multiple cores, and the memory usage was less than 4MB. The instance graphs were random graphs and the real-world graphs taken from the UCI machine learning repository [16] . All the test instances shown here are downloadable from the author's web site, except for those from UCI repository. Tables  1 to 4 summarize the computation time, number of cycles, and number of chordless cycles for each instance, and clarify the effectiveness of the chordless cycle model and our algorithm. The computation time results for randomly generated graphs are shown in Table 1 . The edge density means the probability of being connected by an edge for any two vertices. Execution of an enumeration algorithm involves many iterations with different input graphs, thus we thought that there are sufficiently many samples even in one execution of the algorithm. Therefore, we generated just one instance for each parameter. Each cell represents the computation time needed for 10,000 cycles or chordless cycles. When the computation time was too long so that the number of output cycles exceeded one million, we stopped the computation.
When the edge density was close to 100%, almost all the chordless cycles were triangles. In this case, intuitively, the algorithm spent O(|V ||E|) = O(|V | 3 ) time to find O(|V | 2 ) chordless cycles. In contrast, it took almost constant time for each chordless cycle in sparse graphs. This is because the graph was reduced by repeated recursive calls, and at the bottom levels, the graph sizes were usually constant. Table 2 shows that the number of chordless cycles exponentially increased against with the edge density, but not as much as usual cycles. Table 3 shows the experimental results for sparse graphs. The graphs were generated by adding chords randomly to a cycle of n vertices so that the average degree was four. These sparse graphs included so many chordless cycles. The graphs with at most 100 vertices were solved in a practically short time, and the computation time for each chordless cycle were almost the same. Table 4 shows the number of chordless cycles with limited lengths including a vertex (the first vertex) for the real-world data, taken from the UCI repository. The number of all chordless cycles is shown at the bottom for reference. The graphs were basically sparse, and globally well connected, and thus included a large number of cycles. Even in such cases, by giving an upper bound of the length, Some graphs can be made tractable in such cases by placing an upper bound on the length. These results show the possibility of using chordless cycles with limited lengths for practical data analysis of real-world graphs such as those for social networks.
Application to NMR Prediction
Chordless cycle enumeration has already been implemented as a part of a database system of chemoinformatics [14] , composed of structural data of chemical compounds. In this system, the number of chordless cycles in the chemical graph of a chemical compound is considered to be an attribute of the compound. In response to a query about the chemical structure of a compound, the system searches in the database for structures partially similar to the structure of query compound, and predict some functions of the query compound. A chemical graph is usually sparse and is globally a tree or a combination of several large cycles.
